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There are matroids which have Euclidean and non-Euclidean orientations and 
there are also matroids which inherent structure does not allow any Euclidean 
orientation. In this paper we discuss some lattice theoretic properties of matroids 
which when used in an oriented version guarantee Euclideaness. These properties 
depend all on the existence of intersections of certain flats (which is equivalent to 
Euclideaness interpreted in the Las Vergnas notation of oriented matroids). We 
introduce three classes of matroids having various intersection properties and 
show that two of them cannot be characterized by excluding finitely many minors. 
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1. INTRODUCTION 
In oriented matroid theory there are two ways of interpreting the vector 
y of a linear system y = Ax. Edmonds and Mandel consider the rows Ai, of 
A as hyperplanes Ai..z = 0 and thus interpret the signs of the components of 
y as the relative positions of the point x with respect to the corresponding 
hyperplanes Ai,z = 0. Las Vergnas on the other hand looks at x as the 
normal vector of a hyperplane H and identifies the rows of A with points 
Ai.. Thus from his viewpoint the signs of the component of y determine the 
relative positions of the points Ai, with respect to the hyperplane H. 
Both meanings have advantages and drawbacks. Moreover, the face 
lattices of topes defined in each theory (which are polar to each other in 
case of linear oriented matroids) define different classes of face lattices. In 
this paper we shall mainly stay within the notation of Las Vergnas [7]. 
In the Bland-Las Vergnas notation there is a natural way of defining the 
convex hull of points which gives raise to theorems such as Krein-Milman 
[7], Hahn-Banach [2], etc. 
On the other hand in the Edmonds-Fukuda-Mandel notation there is a 
natural way of defining when two hyperplanes are parellel. Marking one 
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hyperplane Ho as the “hyperplane at infinity” we say two hyperplanes are 
parallel (with respect to Ho) if their intersection is a subset of Ho. 
Moreover, if for any given hyperplane at infinity and for each hyperplane 
H and vertex 2, $ H there exists an extension of the oriented matroid with a 
hyperplane containing v and parallel to H, then we say the oriented 
matroid is Euclidean. As Edmonds-Fukuda-Mandel (cf. [ 6,9]) have 
shown not all oriented matroids are Euclidean. Moreover, Fukuda proved 
that nondegenerate cycles of bases may occur if and only if the underlying 
oriented matroid is not Euclidean (or in his words “not a BOM” (cf. [6] )); 
i.e., Euclidean oriented matroids behave nicely when applying the simplex 
algorithm to it. 
There are matroids which have Euclidean and non-Euclidean orien- 
tations and there are also matroids which “inherent structure” does not 
allow any Euclidean orientation. In this paper we want to discuss some 
lattice theoretic properties of matroids which when used in an oriented 
version guarantee Euclideaness. These properties all depend on the 
existence of point extensions which allow intersecting flats and are thus 
called intersection property. 
We start with a reformulation of parallelism and the Euclidean property 
in the “Las Vergnas notation.” Marking one point e, as the “point at 
infinity” we say two points are parallel if all three form a line; i.e., they are 
dependent. In order to have a more precise picture of the geometrical 
background, we replace the notation of parallel points by perspective 
points. If for any “point at infinity” and every point e and hyperplane H d e 
there exists an extension 0 u p of the oriented matroid 0 with p E H and p 
perspective to e (i.e., p is an element of the intersection of a hyperplane and 
a line) the oriented matroid is Euclidean. 
Removing the orientation in this reformulation of the Euclidean property 
we obtain the intersection property IP,: 
DEFINITION. (Euclidean intersection property IP,). A matroid A4 has 
the Euclidean intersection property IP, if for every hyperplane H and every 
line G there exists a proper extension M’ = Mu p of M such that the inter- 
section of H and G in M’ contains p. 
Choosing p as a loop element there is always a point extension such that 
p is contained in any flat, i.e., also in H n G. Thus to avoid this trivial case 
we are considering only point extensions which corresponding modular 
filters do not contain all flats. Those extensions are called proper. 
Since we reformulated the Euclidean property in the Las Vergnas 
notation, the original interpretation as an axiom of the existence of parallel 
hyperplanes got lost. However, once having this new interpretation of the 
existence of intersections of hyperplanes and lines it seems to be rather 
arbitrary to restrict ourselves to these special pairs of flats. 
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As a matter of fact in [2] the following generalized Euclidean inter- 
section property was used to prove Hahn-Banach-type theorems. 
DEFINITION. (generalized Euclidean intersection property IP,). A 
matroid A4 has the generalized Euclidean intersection property IP2 if for 
every nonmodular pair F, G of flats of M there exists a proper extension 
M’= Mu p such that rM(F) = r,(F v p) and r,,,,(G) = r,(G v p) and 
cdf’n G) < r,d(f v P) n (G v P)). 
Another intersection property is used for a long time as a main tool in 
treatments of arrangements of pseudolines (which are equivalent to 
oriented matroids of rank 3 (cf. [4])). It is called Levi’s intersection 
property and can be stated for matroids of arbitrary rank as follows: 
DEFINITION. (Levi’s intersection property). A matroid M of rank Y has 
Levi’s intersection property IP, if for any Y - 1 hyperplanes Hi with 
nr=: Hi=0 th ere exists a proper point extension M’ = A4 u p of M such 
that the intersection of all Hi (i = 1, . . . . Y - 1) in M’ contains p. 
The upside-down lattice of flats of a matroid is in general not geometric. 
In case this dual lattice can be embedded into a geometric lattice the 
corresponding matroid is called an adjoint. Cheung [3] showed that the 
existence of adjoints always implies Levi’s intersection property. 
For matroids of rank 4 another characterization of Levis intersection 
property is known under the name “bundle condition.” 
DEFINITION. A geometric lattice of rank 4 satisfied the bundle condition 
if for any 4 disjoint lines I,, . . . . Z4 (of which no three are coplanar) the 
following holds. If live of the six pairs (Ii, li) are coplanar then all pairs are 
coplanar. 
THEOREM 1. A matroid of rank 4 satisfies the bundle ‘condition if and 
only if it has the intersection property IP1. 
A detailed proof is given in [ 11. For the sake of selfcontainedness we 
shall sketch the geometric idea of the proof. Assume for a matroid M that 
it does not fulfill the bundle condition. Thus M includes 4 disjoint lines 
1 1, . . . . Z4. W.1.o.g. Ii and l4 are the only pair of lines which are not coplanar. 
Then the gradual construction of the modular filter 5 starting from 
the hyperplanes H, := I, v 12, H, := I, v 13, and H3 := l2 v I, implies 
immediately that II, I, E 9 and hence 0 E 9. 
On the other hand, we assume A4 does not have IP1. Therefore M con- 
tains three hyperplanes H, , H,, and H3 which cannot be intersected (i.e., 
the corresponding linear subclass includes all hyperplanes of M). Hence 
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w.1.o.g. pairs of H,, H,, and H, intersect in disjoint lines. Then during the 
gradual construction of the linear subclass (starting with H,, HZ, and H3) 
the bundle condition guarantees that all lines, generated by intersections of 
hyperplanes of the linear subclass, are disjoint and coplanar. Obviously this 
contradicts the fact that the produced linear subclass includes all hyper- 
planes. Hence there exist lines which are not coplanar or which intersect in 
a point. 
2. A HIERARCHY OF INTERSECTION PROPERTIES 
Let us denote the class of matroids having the intersection property IP, 
(i= 1, 2, 3) by pi. 
PROPOSITION 2. Linear matroids G A 1 G ~4’~ z A$‘~. 
Proof: In a linear space of dimension d any intersection of at most 
(d - 1) linear hyperplanes is a linear space of dimension at least 1. Thus 
J%‘, contains all linear matroids. 
If F and G are nonmodular flats of rank rl , r2 respectively of a matroid 
M of rank r we may represent F (resp. G) as the intersection of r - r1 (resp. 
r - r2) hyperplanes. Let j := rank(F v G) and m := rank(Fn G). Thus to 
represent both F and G we need at most (r - rl) + (r - r2) - (r-m) hyper- 
planes. Since I; and G are nonmodular we have 
(r-rrl)+(r-r2)-(r-j) 
=r+j-(r1+r2)<r+j-(m+j)-l<r-m-l<r-1 
and we can use ZP1 to conclude ZP,. Since ZP, trivially implies ZP, this 
completes the proof. 
THEOREM 3. The classes of matroids having the intersection properties 
ZP, , ZP,, or ZP3 are all closed under minors. 
ProoJ The proofs for A,, AZ, and A3 use all the same technique. 
Thus we shall state the proof only for matroids ME A2. 
(a) Deletion. Let i@ := M\e and F, G be an arbitrary pair of non- 
modular flats of a. If F := cl,(F) and G := cl,(G) are modular then 
M= Mu e is a proper point extension with the desired property. Otherwise 
we can use ZP, and apply it to F and G to achieve a point extension M’ : = 
A4 u p which corresponds uniquely to a modular filter 9 (cf. [5]). The flats 
F and G generate a modular filter 9 in m which elements x are either 
belonging to 9 or together with e are in 9, i.e., loosely speaking “g E 9.” 
If F does not contain all flats of n then it corresponds to a proper point 
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extension M’ = A4 u p proving IP2 for &%. Thus it suffices to prove @ 4 g 
or equivalently there is a point f$ / _ r 19 which belongs to M and n. 
Clearly, any f~ E\e is not in 9, since otherwise M’ = Mu p is not a 
proper point extension. 
(b) Contraction. Let m := M/e and assume as above that F, G is a 
pair of nonmodular flats of &! which generates the filters 9 and 9. Since 
rM(p) < r,(p v e), 9 does not contain all hyperplanes of M. Hence F and 
G can be intersected in M. i 
All matroids of rank one and two obviously satisfy all intersection 
properties. Levi’s [S] results imply that this is also true for rank 3. Clearly 
the non-Pappus or Desargues configuration is a nonlinear matroid of 
rank 3 which proves that the first inclusion of Proposition 2 is proper. 
PROPOSITION 4. All intersection properties IP1, IPz, and IP, are 
equivalent for matroids of rank 4. 
Proof: Assume there is a matroid ME J%$\J&, i.e., A4 does contain 
hyperplanes H 1 , H,, and H, which intersection in any point extension is 
empty. W.1.o.g. we can assume that the hyperplanes pairwise intersect in 
disjoint lines II := H, A HZ, l2 := H,n H,, and l3 := H, n H,. Thus /I and 
H, cannot be intersected in contradiction to ME M3. i 
The Vamos matroid is a well-known example for a rank 4 matroid not 
satisfying the bundle condition. Thus we have the following corollary. 
COROLLARY 4. Let JZ~ denote all matroids of rank 4 of pi (for 
i = 1,2, 3), then linear matroids s MT = Jaez = &i s all matroids. 
3. MINIMAL NON-EUCLIDEAN MATROIDS 
We are now going to show MI s JG$ =; J& and, moreover, prove that 
none of these classes can be characterized by excluding finitely many 
minors. This is done by constructing infinitely many minor minimal 
matroids outside of each class. 
DEFINITION. A matroid M is called minimal non-Euclidean respectively 
nongeneralized Euclidean if M does not satisfy the intersection property IP, 
respectively IPz but any minor of it does. 
THEOREM 5. There are infinitely many nonisomorphic minimal non- 
Euclidean ma troids. 
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Proof: To prove the theorem we shall construct an infinite class of 
pairwise nonisomorphic matroids M, (n E IV) all of which are of rank 5 and 
are non-Euclidean. All subsequently constructed matroids have a very easy 
structure of hyperplanes in that only a few hyperplanes per matroid have 
more than (rank - 1) points. We use this simple hyperplane structure to 
depict the matroids. We start with a matroid M, defined on 14 points (see 
Fig. 1). 
In M, five points are independent if and only if they are not contained in 
any of the drawn hyperplanes. Hence the cardinality of the intersection of 
any two hyperplanes of M, is at most three. It is easy to see that M, fulfills 
the hyperplane axioms, i.e., M, is indeed a matroid. 
Let us show that M, is non-Euclidean, i.e., does not satisfy the intersec- 
tion property ZP3. The line G1 and the hyperplane H1 are a nonmodular 
pair of flats. If there is a point extension with corresponding modular filter 
9 then it is easily seen that 9 must contain the modular pair G, and GZ. 
Since 9 is modular @ = G, n G2 E 9; i.e., the point extension cannot be 
proper. Thus M, is non-Euclidean. To prove that M, is minimal non- 
Euclidean we shall show that any contraction M, /e and any deletion M, \e 
is Euclidean. 
Any contraction M,/e is of rank 4. Hence if M,/e satisfies the bundle 
condition we can use Theorem 1 and Proposition 2 to verify that M,/e is 
Euclidean. Assume M,/e does not fulfill the bundle condition; i.e., there are 
4 lines 1,) . . . . I, of M,/e of which all possible pairs (Zi, Zj) but one, say (I1 , Z2) 
are coplanar. For any line Z of M, /e, Z v e is a coline of M, . Since I, is con- 
tained in at least three hyperplanes (H, = I1 v Z3, H, = Z2 v I,, H, = Z3 v Z4) 
of M,/e which all contain at least four points, I, v e must be one of the 
colines shown in Fig. 1. By symmetry the same holds for I, v e. Since 
( Z3, Z4) are coplanar we should have a configuration like CD in Fig. 1, a 
contradiction. 
Consider now a disjoint pair of a line G and a hyperplane H of a 
deletion M, \ e of M,. As a matter of fact we prove that in 
following pairs of flats cannot be intersected by a new point: 
Ml only the 
H3 
FIG. 1. The matroid M1. 
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(i) G,-any coline of H 3 (or a superset of one of these colines); 
(ii) G,-any coline of H ’ (or a superset of one of these colines). 
Case 1. eEG1. If G is not contained in one of the colines 0, which 
are part of a hyperplane with more than four points, then a hyperplane f7 
containing G intersects H in at most two points. Thus the corresponding 
modular filter is nontrivial. So suppose, that G is a subset of one of the 
colines G2, G3, G4, G5. If H contains exactly four points then a hyperplane 
f7 containing G intersects H either in at most two points and the 
corresponding modular filter is nontrivial or in three points which must be 
one of the special colines G2, G3, G4, G5. In particular, the latter coline 
and the coline containing G must be adjacent ones in Fig. 1, so that this 
modular filter is also nontrivial. 
Case 2. e$G,; G#G,. The proof is exactly the same as in Case 1. 
Case 3. e&G,; G=G1. As above we can assume that the mentioned 
i7 is one of H4, H5, H6 and His one of Ho, H’, H2, H3. If Ed G2, then G3, 
G4, G5 and the colines containing G are included in the linear subclass of G 
and H. Continuing in constructing the linear subclass from these colines, 
pairs of associated hyperplanes intersect in one of these colines or in at 
most two points. Hence the point extension in G and H is also in this case 
nontrivial. If e $ G2 we deduce in the same way that the linear subclass of G 
and H consists of all colines containing G and at most G3 and G4 or G4 
and G5. Thus M, \e is Euclidean. 
The matroid M, (n > 2) is constructed from M, by replacing the hyper- 
plane H ’ by n hyperplanes and joining every of the new (n - 1) colines 
with G1. Obviously these matroids are nonisomorphic. The arguments 
showing the minimality condition carry over since neither at the con- 
figuration GD appears anywhere nor changes the configuration of pairs of 
flats which cannot be intersected by a new point. From the above proof it 
is obvious that for M, (n > 2) only G1 and any coline of Hi (i = 1, . . . . n) or 
FIG. 2. The matroids M,. 
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a superset of one of these cannot be intersected. Thus we are done (see 
Fig. 2). 1 
Note that the matroids we constructed in Theorem 5 form an infinite 
class of matroids not fulfilling the Euclidean intersection property because 
of some obstacles in the geometric lattices of flats whereas Mandel [9] 
gave an example of an infinite class of oriented matroids which (because of 
the particular orientation he chose) did not satisfy the oriented version of 
the Euclidean intersection property. 
THEOREM 6. There are infinitely many nonisomorphic minimal non- 
generalized Euclidean matroids. 
ProoJ Again we shall construct an infinite class of pairwise non- 
isomorphic matroids I?,. For n = 1 we start with a configuration shown in 
Fig. 3 on 19 points. 
Note that the colines G1, G3, and G4 form one hyperplane. Clearly RI 
does not satisfy the generalized intersection property because, e.g., the 
colines G, and G2 cannot be intersected (since the corresponding filter con- 
tains the modular pair of flats G3, G4 E 9 and thus the line (G3 n G4) E 9, 
which implies that the filter 5 is trivial). 
To prove that every minor of R, does satisfy the generalized Euclidean 
intersection property we can use exactly the same kind of arguments as in 
the proof of Theorem 5. 
Again we construct the matroids R, for n 2 2 by replacing the hyper- 
plane H by n new hyperplanes. The new colines which will be generated by 
this process form together with G1 another set of hyperplanes (see Fig. 4). 
Clearly R, does not satisfy the generalized Euclidean intersection 
property but as in Theorem 5 it is easily shown that every minor does. 1 
FIG. 3. The matroid R,. 
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FIG. 4. The matroids R,. 
THEOREM 7. (a) Linear matroids + A1 + A2 G$ A$ $ all matroids. 
(b) None of the intersection properties IP2 or IP3 can be characterized 
by excluding finitely many minors. 
Proof. (a) Because of Proposition 2 and Corollary 4 it suffices to 
show that the inclusions between AI, AZ, and MS are proper. As shown in 
Theorem 6 the matroid R, is not contained in J,&. Let us show that 
R, E MS; i.e., R, does satisfy the Euclidean intersection property. However, 
in this special case we can restrict ourselves to pairs of lines L and hyper- 
planes H which contain a least five points and its is easily seen that in this 
special example we can always construct the corresponding nontrivial 
modular filter. Hence the class J& is properly contained in J%$. 
The next matroid derived from Fig. 5 is of rank 6 and will prove 
J& c AZ. S is a matroid defined on 34 points. As before, any six points in S 
are independent if and only if they are not contained in one of the shown 
FIG. 5. The matroid S. 
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hyperplanes (O-O, O-00). Note that the join of colines G1, GZ, and 
G3 ( G4, GS, and Gs, respectively) form one hyperplane. Trying to position 
a new point p of a point extension S u p onto the hyperplanes H,, . . . . H, 
we see that the corresponding modular filter F contains A := G2 n G3 and 
B := GS n Gg. Since A and B are modular, the filter contains the intersec- 
tion A n B = 0 E 9 and thus F is trivial. Hence the matroid S does not 
satisfy Levi’s intersection property. On the other side, using the same 
techniques as in the proof of Theorems 5 and 6 it is not hard to show that 
SEA*. 
(b) Because of Theorems 5 and 6 neither the Euclidean matroids nor 
the generalized Euclidean matroids can be characterized by excluding 
finitely many minors. 1 
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